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1 Introduction

In quantum field theory, exact computation of correlation functions in all orders of per-

turbation theory is rarely possible. At best, we are able to find a few first terms, and

study their properties. Only in low-dimensional and/or topological models, exact correla-

tion functions can be sometime calculated. In this paper, we do such calculation in the
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Figure 1. Genus decomposition of the correlator <tr ¢4> =2N?% + N.

Gaussian Hermitian matrix model [3]-[7], where the m-point correlators are given by the

Gaussian integrals

Ciy i (N) = <m« G . tr ¢im> - / tr ¢ .. tr ¢ exp <—%tr ¢2> do  (1.1)

NxN

over the space of N x N Hermitian matrices with flat measure, normalised so that <1> =1
Originally designed to study random matrices, Hermitian matrix model is deeply connected

to random surfaces [8]. This is because correlators C; (N) are polynomials in N with

i1 m

integer coefficients, like
Cy=N? C;=2N*4+ N, Cs=5N*+10N? C11=N, Cyo=N*+2N?%

which count the number of matrix Feynman-t’"Hooft graphs (ribbon graphs, fat graphs) of
different genus, made of m vertices with iy, ..., 4, legs. Such decomposition of correlators
into several parts, related to surfaces of different genera, is usually called genus decom-
position. For example, correlator Cy gets contributions from two graphs with topology of
a sphere (genus 0), and one graph of torus topology (genus 1), as illustrated in Fig. 1.
This connection to random surfaces makes matrix models applicable to a wide range of
topics in modern physics, including two-dimensional quantum gravity [9, 10] and topolog-
ical string theory [11]. Hermitian matrix model has a special place in this spectrum, being
one of the simplest and most fundamental models (see [5] for its place in ”M-theory of
matrix models”).

It is therefore interesting and important to calculate Hermitian correlators. As usual
in string theory [12], to represent the answers in a sensible form, it is more convenient to

consider a generating function

: A
Z Ciyif(N) 2oy
21...0m=0
However, these series do not converge, because the number of fat graphs of arbitrary
genus grows too fast. If one wants to cure this problem, one can consider another series,
with different normalisation of terms:

> xlf L Lpim
2. Ciin) 50
i1...im=0 Lyeeestm



Historically, the first example of such a correlation function was constructed by Harer
and Zagier [1] in the 1-point case. They made the series convergent by special choice of
double-factorial weight n(7):

2% 1 [ (14+22\"
ZC?Z 2—1) ﬁ<<1tx2> _1> (12)

In fact, this choice of weight is quite natural: if one calculates the correlator Co;(N) =
<tr ¢21> with the help of Wick theorem, the total number of Wick pairings is exactly
(2¢ — 1)!I. The result (1.2) becomes even simpler, if a generating function with respect to

the matrix size N is also calculated [3]:

a2 AN A 1
Z Cai(N 2 DO T A(T=A) = (1 + N2 (13)

It should be emphasmed that, from the point of view of matrix model theory, this
is a highly non-trivial relation: a generating function for 1-point correlators at all genera
appears to be rational. In this paper we show, that similar relations can be established for
the 2-point correlators: a clever choice of the weight n(i,i2) makes the series convergent
and, moreover, elementary functions. When both i; and is are odd numbers, our result is

< YV A — 1 )
arctan
A

y VA=14+ (A +1)(22 + y2)

Ci41,2j4+1(N) 7= ‘ =
N%‘:o ’ (2i+)N25 + DI (A —1)3/2 VA—1T+ A+ D)@ +2)

the following:

221,25+ \N

(1.4)

A generating function for correlators with even i; and 75 is similar, though a little
more lengthy, see (4.15) below. As one can see, the 2-point generalization of the Harer-
Zagier 1-point function is still an elementary function. It is an open question, whether
generalized Harer-Zagier correlation functions are always elementary. Affirmative answer
to this question would greatly increase our understanding of the model.

It would be certainly interesting to generalize (1.3) and (1.4) to non-Gaussian matrix
models, i.e, to Hermitian integrals with non-Gaussian weight. Especially interesting would
be generalization to non-Gaussian models with multi-cut support [13, 14|, which were
recently related to supersymmetric gauge theories [15].

Another interesting direction of generalization are exact correlation functions in the
presence of external field (matrix) U, see s.2 of [16]. We do not include this topic into the
present paper, it will be discussed elsewhere [17]. The 1-point external-field correlation
function turns out to be a simple deformation of the original answer (1.2):

1 142240
—<qdet [ ————] -1 1.
222 {NfN(l—mQ—i—\IJ) } (15)

It is again interesting, that no special functions arise even in the external field case. We
conclude, that non-standard correlation functions, especially of Harer-Zagier type (with
double-factorial weights) appear to be simpler than the standard resolvents (with unity
weights) and often can be calculated exactly.



2 Correlators and integrability

2.1 Generalities

Before doing any actual calculations, let us briefly review the relevant properties of Hermi-
tian matrix model. Partition function of the Hermitian matrix model depends on infinitely
many variables t; known either as coupling constants or as time-variables. Partition func-
tion is a formal series in these variables

Zn(ty,te,...) = / exp <—%tr P+ Ztktr qﬁk) do
k

NxN

1 1
= 1+ C@(N)tl + acij(N)titj + gcijk(N)titjtk +...

where coefficients Cj are called m-point correlators. Instead of the full correlators

1. lm
(coefficients of Zx) one can consider connected correlators K, ;. , coefficients of the free

energy Fy =log Zy:

1
_Kijk(N)titjtk +...

1
FN(t17t2, .. ) = log ZN(t17t27 .. ) = KZ(N)tZ + gKij(N)titj + 30

In terms of Feynman-t'Hooft diagrams (fat graphs) full correlators count all diagrams,
while connected correlators count connected diagrams. This relation between the partition
function and its logarithm is not specific for this model, it is a universal property of quantum
field theory. At this point it is worth to mention a more traditional notation for correlators,

coming from statistical physics:

11 Jm

ot = (6 tr¢@m> 1)
=

(0 ) 22

As a consequence of relation Fy = log Zy, the full and connected correlators are
related by

K; = (2.3)

Kij = Cij — CiC; (2.4)

Kijk = C@'jk — CZ]Ck — CZkC] — C]kCZ + 2CiCjCk (2.5)

and so on. Because of reflection symmetry of the action tr ¢?, correlators C; or K;, .

1.-%m

are non-vanishing only if 4y + ... 4 i,, is even. Note, that for N = 1 full correlators are
quite simple:

—+00
. Yi— 1), 3i= even
Cos ()= [ dp o™ 2= ]| ’ 2.6
iU = [ oo™ e . oo (2.6
—00
where ¥i = i1 + ... + 4, is the sum of indices. To avoid confusion, we emphasize once

again that in this paper we use normalised Gaussian integrals, i.e, the average of unity is



unity:

—+00

/ dp e/ =1

—00

Note also, that there is no difference between 1-point full and connected correlators:
K; = ;. The same is true for 2-point connected correlators with both odd indices:
Koit12j41 = Coiq1,2j41, as a corollary of above identities and vanishing of 1-point corre-
lators with odd indices, C9;+1 = 0. Generally, connected correlators are somewhat simpler
and we consider only them from now on.

2.2 Virasoro constraints

Usually evaluation of correlators in matrix models is done with the help of the loop equa-
tions, also known as Ward identities or Virasoro constraints [18]. In terms of the partition
function, they can be written as

P i YA, 0*Zy
— 7 E = § — 2.
o, N = . atg + - b>0 (2.7)

In terms of free energy Fy = log Z, they take form

02 Fy OFN OFy
9 p tge N CN b>0 2.8
ot, N Za Dlarva 2~ otot; T Z o, o, (28)

i+j=b—2 i+j=b—2 J

The technique based on loop equations [6, 18] allows to calculate the correlation func-
tions for arbitrary genus. However, as also mentioned in ref. [3], it turns out that all-genera
correlation functions, at least in the Gaussian phase, are much simpler deduced by another
method, making explicit use of integrability of the model. A drawback of this method
is that it is more difficult to generalize to non-Gaussian phases than the loop equation
approach, but in the present paper we are only interested in Gaussian correlators.

2.3 Integrability

Our main point in this paper is that correlators in the Hermitian matrix model are con-
strained by integrable differential equations [7]. In principle, this should allow to calculate
exactly all the quantities of interest. In the case of Gaussian Hermitian matrix model, the
relevant equations are Toda equations [19], which can be written in terms of the parti-
tion function:

Ini1Zn- 102

=——=logZ 2.9
7, Nog BN (29)

Equivalently, these equations can be expressed in terms of free energy:

1 92
Fny1 —2FN + Fyn— = log (NatQFN> (2.10)



To calculate the correlation functions, we need to rewrite the Toda equations as rela-

tions between correlators. Differentiating eq. (2.10) by ¢;, ...%;,, and using the connection

im
between partition function and correlators

8m
Cirin (N) = 50— — ZN‘ (2.11)

8m
Kivoin ) = 5 | (2.12)

one obtains the desired relations. Let us derive them explicitly, in the case of one- and
two-point correlators.

2.4 1-point correlators

In the 1-point case, differentiating eq. (2.10) by ¢; we obtain

1
where we have used a simple identity K11 = C11 = N. Another identity we will need is

the following:
Kiga(N) =i(i — 1)K;—5(N) (2.14)

This identity is a corollary Virasoro constraints (2.8). Indeed, the Virasoro constraint
for b = 1 implies

d —  OFy
—Fy = to—— 2.15
ot N ;)a “Otar (2.15)
Differentiating by ¢; and using the Virasoro constraint once again, we get
02 - O?Fy - OFy
—Fy =N+ tplg = + ala — )tg—— 2.16
o' p;opq TR, Z% (0= Dtaigy = (2.16)
which justifies (2.14). Substituting (2.14) into (2.13), we obtain
(i1
Ki(N +1) = 2K5(N) + K(N — 1) = =D g oy (2.17)

This system of recursive relations uniquely determines all the one-point correlators
K;(N) by reducing them to the N =1 correlators K;(1), which are already quite trivial:
+oo
Kyi(1) = Cy(1) = / dp ¢* e=9/2 = (20 — )N (2.18)
—0
Interestingly, 1-point correlators satisfy additional recursive relations, different
from (2.17):
142

Ki(N +1) = Ki(N = 1) = =K, (N) (2.19)

These relations are similar to (2.17), but look slightly simpler. However, they do not
follow from Toda equations and their generalization to 2-point and higher-point correlators
so far remains unclear. We do not use them in this paper, but it is important to mention
that they exist.



2.5 2-point correlators

We now do the analogous calculation in the two-point case. Differentiating eq. (2.10) by
t; and t;, we obtain

1 1
Kij(N +1) = 2Kii(N) + Kij(N = 1) = S Kij11(N) = 55 Kin1 (V) Kj1(N) - (2.20)
As a corollary of Virasoro constraints,
Kijia(N) =i(i — 1)Ki—2j(N) + 2ijKi—1,j-1(N) + j(j — 1) K; j—2(N) (2.:21)

Substituting (2.21) into (2.20), we obtain recursive relations for the 2-point correlators:
i -1 =1)

— Nz
/.. . iy

+ <Z(Z = DEKi—2;(N) + 2ijKi1;-1(N) + 40 — 1)Ki,j—2(N))

KZ](N + 1) — QKZ](N) + KU(N — 1) = Ki,Q(N)Kj,Q(N) (222)

In complete analogue with the 1-point case, these recursive relations allow to express
arbitrary correlators K;;(N) through the N = 1 correlators, which are simple according
to (2.6). Note however, that there are two essentially different cases: when both indices
are even

KZi,Qj(l) = CQi,Qj(l) — ng(l)CQJ(l) = (22 + 25 — 1)” — (21 — 1)”(2] — 1)” (223)
and when both indices are odd
Kit12j+1(1) = C2i12j41(1) — C2i41(1)C2j41 (1) = (20 + 25 + D! (2.24)

The second "totally odd” case is somewhat simpler, because in this case the quadratic
contribution — the product of two odd 1-point correlators — vanishes. This is actually
one of the reasons, why the totally odd generating function (1.4) is simpler, than its totally
even counterpart.

3 Correlation functions

There are many different ways to solve discrete relations like (2.17) or (2.22). For example,
one can start solving them iteratively and try to guess a combinatorial formula. As ex-
plained in [3], a more elegant way to proceed is to pass from particular correlators (which
depend on discrete indices like i or j) to generating functions (which depend on continuous
variables). In terms of generating functions, the discrete relations like (2.17) turn into
differential equations which often admit simple and elegant solutions.

For the sake of brevity, we call generating functions for correlators simply correlation
functions. These objects are also known in literature as (multi-)densities [3]. In this paper,
we restrict consideration to three types of correlation functions. First of all, the standard
correlation functions, with unity weights:

pv(an, . an) = { (i <ﬁ>u« (ﬁ) )) = i Kiy. i (N) il ... aim

@1...0m=0
(3.1)



These functions are the most commonly used in literature, especially in the context of
loop equations approach [6]. To avoid misunderstanding, let us note that in the context of
loop equations the same functions are usually defined in a slightly different way

Wy (1, -, Tm) = <<tr (mll—qﬁ) ot (xml_ ¢> >>
_ i Kiy i (N) a7 gy im ] (3.2)
21...0m =0

and known as resolvents. We use the terms ”standard correlation function” and ”resolvent”
as synonims here, because it is not a problem to transform one into another: two different

definitions are related by

1 1 1
Wi (@1, ., Tm) = ———p (——)
T1... T 1 T
Therefore, it does not make a big difference. In this paper, we prefer to use functions py
rather than functions Wy. Second, we consider the exponential correlation functions, i.e,
with factorial weight:

extr,envam) = (i () (n9) V) = 30 Koy () LB (g

! )
i1eim=0 1 m

The third functions are those which play the central role in our paper — the Harer-
Zagier correlation functions:

( ) i K (N) gt gim (M) (i =1, i=even
Tl X)) = i ——m _ ni)=
PN = 2 et ) i) ill, i = odd
1ol =
(3.4)

Obvoiusly, different choices of weights can be useful under different circumstances. The
Harer-Zagier functions are useful just because they provide simple and explicit answers:
it is enough to take a look at (1.3) or (1.4). The exponential and standard correlation
functions are useful for another reason: it is because Toda equations, rewritten as dif-
ferential equations on these functions, take the simplest form. This can be seen already
for the 1-point equations (2.17), since the term i(i — 1)K;_o suggests two natural choices
of weights:

{2 {2
(2 (2
and
(i = 1)K 9z = & (Z Kiz_i_1>
i Oa? i

The first choice corresponds to the exponential correlation function, while the second

choice corresponds to the resolvent in its usual form (3.2). For other choices of weights,



operator in the right hand side would be more complicated than just x squared or the second
derivative. That is why, in a sence, these two choices are singled out by the equation itself.

Of course, the three correlation functions are related by various integral transforma-
tions. First, the standard and exponential functions are related just by Laplace transform:

o o
oN(T1, . ) = /dy1 .. /dym eN(Z1Y1y ..oy BYym) € LT TYm (3.5)
0 0

Second, the standard and Harer-Zagier functions are related by a certain Gaus-

sian transform:

0 0
_a2/9_  _a2
PN (1, Ty) = /(1+y1)dy1... /(1+ym)dym ON(T1YL, -+ s Tnlm) € y3/2—...—y2, /2
—00 —00

(3.6)

Third, the exponential and Harer-Zagier functions are related by a contour-

integral transform:

e x? x?
€N($1,---,$m):j{(l+y1)dy1---j{(1+ym)dym PN WL, - Ym) exp<—12+...+—"21>
Y1---Ym 27
)

If one is able to find one of these functions — e, p or ¢ — it is not a problem to
convert it into another. Therefore, one can freely change the weights in order to simplify
the solution. Another important simplification, which was suggested in [3] and which we
intensively use, is to consider the universal generating functions, i.e, generating functions

w.r.t N with parameter \:

p(\sxy, . ) = Z MV pn (@1, ) (3.8)
e(Njx1,. .., Ty) = Z AN en(T1,. .., Tm) (3.9)

O\ X1, Ty) = Z AN ON(T1, .., Tm) (3.10)

As we will see below, transition to universal functions greatly simplifies both the equa-
tions and the answer. We are now going to rewrite egs. (2.17) and (2.22) as differential
equations on correlation functions and solve them directly. The solution in the 1-point
case is the well-known Harer-Zagier function (1.3). In the 2-point case, its generalization

is obtained.



4 Harer-Zagier correlation functions

4.1 1-point function
Rewritten in terms of the generating function for 1-point correlators

xQZ

on(T) = ;;K%(N)m

eq. (2.17) becomes a differential equation of first order:

1 0

N +1(@) = 208 (@) + pv-1(2) = a5 (a%en(a)) (4.1)

Passing to generating functions with respect to N, we obtain

A (@m;m)) = (o) (4.2)

This is a first-order partial differential equation with general solution

A 1 2

The function U(z) is determined from the initital condition

. 400
xQz

Q . o _ - 2% _—¢p2/2 _ > 2 __ 1
ar i) Ao_@Nl(x)_Z(%—U!!/dgb‘b ‘ _;m 1o @Y

=0 0
In other words, the initial condition is merely a consequence of the fact that K;(1) =
(2 — 1)!! and the choice of weights. Comparing the general solution with the initial condi-
tion, we obtain U(z) = 1/(1 + z) and

A |
AR py ¥ [y gy gy v (45)

In this way the Harer-Zagier correlation function ¢(A;z) can be found as solution to a
linear differential equation of first order in two variables A and z. Note, that the universal \-
dependent correlation function, which contains information for all dimensions IV, seems to
be very similar to the N = 1 function: namely, they are related by multiplicative transform

s 1+, A

T —

—_— 4.
T e Ty (4.6)

Interestingly, this property has a literal analogue in the 2-point case, see (4.16) below.

,10,



4.2 2-point function

For two-point correlators, the two separate generating functions can be introduced, even
and odd:

" ad a2y
on(z,y) = Z Kai2i(N) @i D27 1)1 (4.7)
i,j=0
i 2i+1,,25+1
_ T Y
oY) =Y Koi12j41(N) 7 TIGF e (4.8)
) (2 + )25 + D!

In terms of these generating functions, eq. (2.22) becomes a system of two equations:

opa1(@y) — 208 (2, y) + oy (z,y) =

1 é 2 2 +( ) J— J— ( )

and
_ _ ~ 1 0 ) ~ 2
Pnn(@y) = 2on(2,y) + oy (2y) = 5 (962%96 + y28—yy> pn(@y) + 5y o (,y)
(4.10)

Passing to generating functions with respect to N, we obtain

2

0 [(1—-))? 0 0 0
A <( ) @*(A;x,y)>:< —w2+ya—yy2> et (N2, y)+2zy zye~ (N, y)-G(A\ z,y)

2 A , ox dxdy
6(1_)‘)7. _2(9 26 -\ + (-
Am( Y (Mc,y)) = (96 ol TY 2,7 (A, y) + 229" (A 2, 9)
(4.11)
or in a matrix form
i(l_)\)z—xExQ— 32 —2x o x
D) oz Yoy? Yoray ™Y ot G
9 (1-X)72 5 0 5 0 0~ 0
—2ay o x Tt Yoy
where the free term G(\;z,y) is given by
AN 7 5,
G\ z,y) = NZ::IW (cvyawy:v y > on(z) on(y)
2zy 2
=\ 4.12
(o=varew o T e o) (#12)

This system of two differential equations is more complicated, than in the 1-point case,
but it is still linear and can be solved by elementary means. First of all, we need to find

— 11 —



the initial conditions, what is done again by comparing to the N =1 case. For N =1, we

know the correlators explicitly

Kgﬁgj(l) = Cgﬁgj(l) — CQi(l)CQj(l) = (Qi + 27 — 1)!! — (2i — 1)”(2] — 1)!!
Koit12j41(1) = Coip1,2j+1(1) = (20 + 25 + 1)!!

so we can compute the generating functions

_ (2i4+25+ D! 94y 91 1 Yy
_ = arctan | —o——
P (@y) =D Qi+t Y TR Wy

i,j=0
" B (2i4+2j-D! = 22 =D o, 5. Yy 9 9N _
le(w,y)—MZ:O RIS 'y = s (vr gy ) Pva @)

Therefore, initial conditions for (4.11) are

0 _ 1 Ty
P Nz = oy (@,y) = —m=——=—= arctan —>
oA ‘AZO \/1—902—%2 ) V1—a? —y? (4.13)
2 ot — ot __ T
NG (A,x,y)‘AZO PN (@) = s (x(% yay> Pn=1(2:9)
The unique solution of (4.11) with initial conditions (4.13) is the following:
zyvV A —1
arctan
- A VA4 A+ D" +47)
e~ (N,y) = 572 — (4.14)
(A-1) VA=T+ (A +1)(2 +¢2)
(Y. _ vy 9 0N . _
prXey) = 5= /7 <wax yay> ¢~ (Nz,y) (4.15)
A+ 1)a?y? 2,2\
= —(A-1+(1
=) (A=1+ 0+ 062 +1)
~1
(A1 ENE ) A1)
AQA+ Dy 2 9y Y2

( zyYVvA — 1 )
X arctan

A=T5 0+ D@ +47)

It is an elementary exercise to substitute (4.14) and (4.15) into (4.11) and check that
equations are satisfied. The check of initial conditions (4.13) is equally simple. Just like
in the 1-point case, the universal A-dependent correlation function is related to the N =1

correlation function by a simple transformation

A A
1_)\(3524‘3/2)7 TY = xY, P m@ (4.16)

? +y?

This striking relation, valid for both even and odd functions, is clearly a hint for some

larger structure, which can be completely revealed only by the study of the 3-point and

- 12 —



higher-point cases. Note also, that it is straightforward to extract correlation functions for
particular N from the universal A-dependent correlation function. However, the formulas

become less explicit, i.e, involving an integral:

Ty N
_ dt 14+ t2 + 22 + 92
@N(xay) = / 2(.%'2 +y2) <<1 42— 2 — yg -1 (417)

0
oz, y) = (4.18)

zy
/ xydt 1+2 422+ 92\ 2N (22 +92) (1 +12) + (22 +y?)? — (1 +t2)? 1
(22 + y?)? 1412 — 22 — g2 I+ +22+y?) (1412 — 22— y?)

Formulas (4.14) and (4.15) completely describe the exact 2-point correlators: it is
enough to write

<<tr P2ty 2+ >>

(2i + 1)1(2j + D!

YV A —1 )
arctan
= coeflicient of m2k+1y2m+1)\N in A <\/)\ — 1 AFDE YY)
(A —1)3/2 VA= 1+ A+ 1) +42)

and similarly for even correlators. Generalisation of these formulas to 3-point and higher-
point cases is not straightforward, since Toda equations become more complicated and
explicit solution becomes increasingly hard to find. Generalization to non-Gaussian (say,
Djkgraaf-Vafa [14]) models is even more obscure, since integrable equations (2.9) are non-

trivially modified in these models.

5 Exponential correlation functions

5.1 Recursive relations

Direct generalization of (4.14) and (4.15) looks problematic. To bypass those difficulties,
let us use the freedom in the choice of weight and consider not Harer-Zagier but exponential
correlation functions:

11

en(T1y. . om) = <<tr <6x1¢> .. tr (exm¢> >> = i K, . i, (N) M

1 .
i1 =0 1 m

Expressed in terms of these functions, the Toda equations do not contain any differ-
ential operators at all:

.%'2
€N+1(.%') + eN_l(x) = 26]\7(1‘) + N@]\[(%‘)
_ (z +y)* z*y’
€N+1($,y) + €N71($,y) - 2€N(£C,y) + TQN(xay) - WNGN(:U)BN(y)
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(z +y+2)°

6N+1(xayaz)+6N71(xayaz) = 2€N(Cﬂ,y,2)+ N GN(CU,y,Z)
x +y)? 22 x4+ 2)2y?
I v en(z) — I (@, 2en(y)
y+ 2)2 a2 22 42 22
e 2en(a) + 25 L e @en y)en(?)
and so on, generally
eN+1+eN-1=cnNen + gN (5.1)
where 5
cN:2+N(x1+...+xm)2
and gn(z1,...,%,) is the function which can be considered as already known —

by recursion:

gn(x) =0
$2 y2
gn(@y) =~ yen(@)en(y)
T 2 2’2 T 2 2,2
on(e..2) = ~CII e en(z) - CX L oo, 2enty) -
» 2 .’EQ .’EQ 2 22
D s 2dew (@) + 25 L D en@ex len(2)

We now turn to explicit solution of equations (5.1). In contrast with the Harer-Zagier
case, where solution of Toda equations is a non-trivial procedure, in the exponential case
solution has nothing to do with differential equations and is rather simple. We emphasise,

that this simplicity is due to the choice of weight.

5.2 Determinantal solution

As usual for integrable equations, solution of eq. (5.1) can be given explicitly in terms of
N x N determinants:

€1 —91 92 —g3 ...

1 C1 1 0
eN:]\(flee;cV 0 1 ¢ 1 ... (5.2)
0 1 C3

To prove this, it suffices to expand (5.2) by elements of the last two rows. For example,

for N = 3 we have

€1 —91 92
— _ €1 —01 €1 92|
es=1|1 ¢ 1|=co — =269 + g2 — €1 (53)
1 ¢ 11
0 1 (6]
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so that (5.1) holds, for N = 4 we have

e — —
G €1 —91 92 €1 —91 —3g3
1 (&1 1 0

€4 = =c3|1 g 1|—|1 ¢ 0 |=cges+gs—es (5.4)
vl 0 1 01 1
0 0 1 e “
and (5.1) holds again. Generalisation is obvious.

5.3 Orthogonal polynomials

If, instead, one expands the determinant by elements of the first row, one obtains

C1 1 0 ... Ci+1 1 0

1 e 1 iy 1 cipo 1
ey = e det T+ ; det ! 5.5
N=a 0 1 ¢5... ;g’ 0 1 cisg... (5:5)

Therefore, the answer for the arbitrary m-point exponential correlation function can
be written as

N-1

en(z1,. .. xm) =TY ((Zm)Z) e1(x1,...,xm) + T}V<(Ex)2> gi(x1,...,xm)  (5.6)
=1

~

where TJZ(u) are special polynomials

24— 1 0
1+ 1 U
) 1 24 - 1
T;(u) = det i+ 2 w (5.7)
(I-Dx(E-1) 0 1 24 -

with a general formula

(i-1)/2 a L
) u
Ti(u) = —1)eTT (2 L=j—-2a—1
HOESDS > H( +¢+z+2k1+...+2kz>’ o

a=0  ki+...4+kr=0 =1

(5.8)

A few first polynomials Tj(u) are:

T(u) = 0, Ty =0, T¢ =0,
T(u) = 1, T =1, T2 =1,
1 1
T = u+2, T21:§u+2, T22:§u—|—2,
1 1 5 1 7
T3 = Ju' +3u+3, T§=6u2+§u+3, T§:Eu2+6u—|—3,
1 1 3 43 1 2 13
Tf = 6u3—|—2u2—|—6u—|—4, szﬁu3+1u2—|—ﬁu+4, Tf:@u?’%—gzﬁ—l—gu—kl&,
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It is easy to see, that polynomials T]’(u) satisfy recursive relations

Z.Jrof(U) =T}y (u) = 205 (u) + T} 4 (u) (5.9)

which can be viewed as three-term relations in orthogonal polynomial theory. The three-

u

term relation implies, that polynomials T]’(u) form an orthogonal set of polynomials with
respect to some, yet unidentified, local measure [7]. For example, for i = 0 they are
orthogonal on the segment (—oo,0) with measure ue"du:

0
/ Iyo(u)Tlg(u)ue”du = jojk (5.10)
— 0o
i.e, for ¢ = 0 they belong to the family of generalized Laguerre polynomials: T]Q,(u) =
Laguerreg\l,)( — u) It would be interesting to find the local measure, corresponding to
polynomials Tf(u) for arbitrary ¢ > 0 (its existence is a consequence of three-term relations).
In the next section, we derive an integral equation on it.

5.4 The local measure

For convenience, let us introduce normalised (with unit leading coefficient) polynomials

A + o
Q' (u) = %T’( y=wl 4 (5.11)
which satisfy recursive relations
i i LAy i+J i
u@j(u) = Q51 (u) —2(i + j)Q5(u) + ————Q5_1(v) (5.12)
1+75—2
A first few polynomials Q’ (u) are
Qp(u) =0
Qi(u) =1
Q4(u) = u+2i+2
Y(u) = u? + (40 + 6)u + 3i° + 9i + 6

and so on. For each particular value of 7, the system of polynomials {Q;}, 7 =0,1,2,
is orthogonal with respect to the unknown measure du;(u) = w;(u)du. The orthogonality
relations can be written as

0
/ Qi (u) Qi (Wwi(u)du =0, j#k

(we assume that the segment is always (—o0, 0), just like for ¢ = 0). The moments My (i) =
f uFw;(u)du can be found from these orthogonality relations. Several first moments,
obtamed in this way, are

My(i) =1, M(i)=—(2i+2), M) =5+ 11i+6,

M;(i) = —(144* + 50i* + 60i + 24), ... (5.13)
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Direct calculation shows, that generating function for these moments has a form

o lc—f—l 22 23 24
> (- = 2+ (20+2) = 4 (53 +115+6) = 4 (144> +50i* +60i+24) = +...  (5.14)
~ Mri 2 3 4

i(i+1)2(42) 5 i+ 1D242)2048) 5, >

) 10g<1—i—z(z—i—1) + 5 | G

- T (1)

This relation can be written as an integral equation

0
w;(u 1 (k4 i) (k+i— 1) 2F
/10g(1+uz) i)du:i(i_i_l) log (Z( i?(;—l)! )ﬁ>

k=0

—00

1
= —1 Fo (1,1 +1; 5.15
Gt D og oy (i,i+1;2) ( )

where 9 Fj is the generalized hypergeometric function. The local measure w;(u)du can be
found as its solution. It in present paper, we do not solve this equation and we do not use
this measure in what follows.

5.5 1,2,3-point functions for particular N

Application of eq. (5.6) to particular correlation functions is straightforward. For m = 1

we have
en(z) = TY (xQ)el(:U) (5.16)
for m = 2 we have
N— 1 2
extza) =14 (@ +9?)a@y) - X Dn (@t v)a@aw) 617
i=1
for m = 3 we have
= (ryz)?
Ny ) = TR (@ +y+2)?)erl@,y.2) +2 Y T ((@+y+2)?°) Sre@eel?)
=1

N-1

-1 <(3: Fyt z)2> (5.18)

Trz z 2 X z 2 X xrz 2
» <(Z#ei(x+y)ei(2)+(yi#ei(x"i_z)ei(y)+(yj72)ei(y+z)ei(x)>

and so on. In this way, all the exponential correlation functions ey(z1,...,x,,) are ex-
pressed through polynomials le(u) These expressions are fully explicit and constructive
(since all kinds of explicit formulas are available for Tj(u)) but they are not very illumi-

nating, certainly less beautiful than eq. (1.4).
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5.6 Universal 1,2,3-point functions

To cure this problem, one may switch to universal A-dependent correlation functions, hop-
ing that this will improve the situation. After conversion to universal functions

[e.9]
e(\;z1, .., Tm) = Z MVoen(zy,. .. Tm) (5.19)
N=0
the Toda equation (5.1) transforms into a differential equation of first order:

A 0 <M6(A;IE1, ce s T) —g()\;xl,...,xm)> = (Ex)Qe(A;xl, cey Tm) (5.20)

N )
where Xz = z1 + ...+, and g(\;x1,...,zy,) is the differential equation’s free term:
(o.0]
g\sxy, . Ty) = Z MV ogn (1, ... Tm) (5.21)
N=0

Unique solution of eq. (5.20), satisfying the usual N = 1 initial condition

%B(A;xl,...,xm)‘)\o =e1(T1,. .., Tm) (5.22)
is given by
A
A (Xx)2\ . A g(t; &) (Sz)2(\ —t)
N T) = Gz o ( DY ) @+ a5 O/dt o P <(1 — N —t))
(5.23)

Application of this formula to particular correlation functions is straightforward. Let
us begin with the simplest case, i.e, with the 1-point correlation function. Since g(A;z) = 0,

it immediately follows, that

e(\,z) = ﬁ exp (fi&) e1(x)

Moreover, the initial function can be calculated explicitly:

—+00

e1(x) = / dpe=?" /200 = ov*/2 (5.24)
so that
= A 2 14+
N=0
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This answer is consistent with the Harer-Zagier 1-point function (1.3) and transforma-

tion (3.7):

\)

e(\z) = 7{% ¢(X;y) exp <%22>

A 7{<1+y>dy Xp(z%)

_(1_)\)2 Y 1_)‘_y2
1+ A
(5)
exp - 9
:(1_)\)\)2 @1—)\221 = _A2eXP<x—'1J_FA> (5.26)
Y ANy 2 1
1+

The last equality is a direct corollary of Cauchy residue theorem. Let us turn to the
next-to-simplest case, i.e, to the exponential 2-point function. In this case, the free term

g(A;z,y) is no longer zero:

o
g(hz,y) = Z
N=
y{j{duldw wNus VAN exp w_2.1+U1+y_.1+U2 _
U U2 ! 2 1—u 2 1—uy

duyd 21 y? 1
j{% uidus CC_ +u1+ ltup (5.27)
)\—U1UQ 2 1—U1 2 1—UQ

Consequently, the 2-point function can be written as

(z)en(y) =

— )2 T 2
B2 i) = e (282 629

2

duydus (x+y)*N—t) 22 1+u  y> 1+u
/dtfg% Xp((l—A)(l—t)+2 T—w 2 1—w

t— U1UQ

where
400 400 400
e1(z,y) = / dpe— /2o / e /2+ad / dpe 1208 | Z p@tv)?/2_ gv2/2,9 /2

In principle, it should be possible to obtain the same formula with two contour integrals
in a different way, directly applying the transformation (3.7) to the Harer-Zagier 2-point
Note, that (5.28) is far less concise, than (1.4). Instead, its advantage is the

function.
it is not a problem to write its analogue for any m-point

possibility of generalization:
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function. Say, for the 3-point function we have

—\)?2 5
(=A e(X2,y,2) = exp iyt ex(z,y, 2) (5.29)
A 11—\
y+22du1du2 (x+y+z)2()\_t) 22 14w
dt Z. .
/ ]é]é t(t — ujug) eXp< (I—=XN(1—-1) + 21—y e(u2;y, 2)

(z + 2)%duydus (x+y+2)2N—t) 2 14+u '
/dtff{ = uruz) exP( T-N-0 2 1w ) )

(z + y)*durduy (+y+2?A-1) 22 1+w .
/dth{ -umy) P AN T2 1w ) Y

/dt}{%% 2du1du2dU3 exp (:U—|—y+z)2()\—t)+x_2 14uq n y_21—i—u2 n 2_21+U3
t— U1UQU3 (1—)\)(1 —t) 2 1—U1 2 1—UQ 2 1—U3

where

er(,y, 2) = e@HHIR2 @t /272)2 | (@2 20022 _ R 2% 2 | 9?2 2072 2

Clearly, functions (5.25), (5.28) and (5.29) belong to a family of exact solutions, which
are less elegant, than (1.4).

6 Standard correlation functions (resolvents)

6.1 Genus expansion

Among the all correlation functions, the most widely used ones are the standard correlation
functions:

pn( . wm) = ({tr <1_1x1¢>...tr (ﬁ) )) = i Kiy.i (N) 2t i

i1...0m=0
(6.1)

As we already mentioned in s.3, they are better known as resolvents and usually

defined as
it = (e (555) - (575) )

— Z i (N) 77 g im ] (6.2)

1.0 =0

All-genera resolvents are divergent series, because the number of fat graphs of arbitrary
genus grows rapidly. This property is typical for any perturbation theory, where the number
of Feynman diagrams of order n usually grows as n!. In practice this means that one can at
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best hope to represent the full py as an integral, just like it happens with the archetypical
divergent sum

[ee)
o0 —t
1—tx
n=0 0

which is actually divergent only for € Ry. Such integral representation for resolvents
is naturally provided by Harer-Zagier correlation functions: if the latter are known, the

resolvents are given by

o o0
PN (Z1, .., Ty) = /(1 +y1)dyi . .. /(1 F Y)Y ON(Z1YL, -+ - Topym) € VE/2 7Y /2

—00 —00

(6.3)

Another way to deal with divergence of resolvents, often used in practice, is to intro-
duce the genus expansion: namely, to consider generating functions for fat graphs of fixed

genus ¢:
©° . .
P(g) (1, T) = Z Kz({q)zm .o (6.4)
i1 im =0
where
Kz‘(f.)..z‘m = coefficient of N8 in K, ; (N), deg(g)=(i1+...+im)/24(2—29)—m

(6.5)

Recall, that genus g contribution to the connected correlator of tr ¢’ ...tr ¢'m scales
as N to the power (i1 +...414y)/2+ (2—2g) —m. Defined in this way, the genus g standard
correlation functions (the genus g resolvents) are no longer divergent: the number of fat
graphs of fixed genus grows much slower, than the total number of fat graphs. We will
now demonstrate that relation (6.3) indeed allows to describe the genus expansion and find
resolvents for any particular genus g.

6.2 1-point function

The exact 1-point resolvent is given by

o0

ox () = / dy eV oy (ay) (6.6)

—00

where the 1-point Harer-Zagier function is given by

1’2 N
en(T) = 2—3162 <<1J_r—x2> - 1) (6.7)

Technically, to extract the genus expansion it is most convenient to introduce another
variable X = zv/ N (see s. IV of [3]). As a consequence of the scaling rule (6.5), in terms
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of X the genus expansion becomes simply the 1/N expansion. Indeed, in terms of X the
Harer-Zagier function takes form

() - ()

and posesses an expansion in negative powers of N:

N+ x2\" N + X2 ) 2X5  2x10
o0
9 X 4k+2
e (z e Wk)
The exponent of a series can be represented as a series again:

2X6 XlO
exp<2X2+—+ +...>:

3N?2 5N*4
2 2 2 4 4
2X6 _XIO + _X12 _X14 + _X16 + _X18
2X2 1+ + ) 9 + 7 15 81 +
3N? N4 N6

or, in a general form,
1 X4r+2q

O 9 x4k+2 24
exp <Z W) - ZZ ¢ N2 Z (201 +1)...(2ig + 1)

k=0 p=0 g=0 i1+...4ig=p

Accordingly, the Harer-Zagier function takes form
X —N62X2_1+62X2 X4+62X2 X8+X10 +62X2 X12+2X14+2X16 N
PNAUN) T Texr TN 3 NS s T Ne \ 7 TT1s T

or, generally,

1 X4p+2q 2 24— 1

X e2X >
¢N<W>:N e qu' N1 2 (21 +1)... (2ig+ 1) (6.8)

p=1g=1 i1+...+ig=p

The leading contribution here is the genus 0 Harer-Zagier correlation function:

|
p)(X) = oxz (6.9)
Accordingly, the next-to-leading contribution corresponds to genus 1, and so on:
X4
pay(X) = 3¢ (6.10)
X8 x10 2
Pe)(X) = <? —> 2X (6.11)
X14 X16 5
X) = 2X 6.12
(3 (X) (7 81)6 (6.12)
i X4g+2q 2 2X2 Z 9q—1
Pg)(X) = . . (6.13)
= ot The=a (2i1+1)... (204 +1)
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Passing back to resolvents by taking Gaussian integrals (6.6), we obtain in genus zero

n 2X2y? 2
-1 1-v1-4X
Py (X) = / ay e/ 5 = (6.14)
2X2Y? 2X2
—00
This is the celebrated Wigner semi-circle distribution [20]. Similarly, in higher genera
we obtain
—5/2
py(X) = 3X*(1 —4x%)7 (6.15)
py(X) = (21X° +21X10) (1 — 4x?)71/? (6.16)
pe(X) = (1485)(12 +6138X M + 1738X16) (1 — 4x?) 7/ (6.17)
g _ 49+29—2(1 _ 2\1/2—2g—q q—1
(4 + 2q — )N X49+2-2(1 — 4X?2) 2
P (X) =D o 2 (201 +1) .. (2ig+ 1)
q=1 ’ P14 tig=g AT

(6.18)

As one can see, it is a straightforward exercise to extract the genus expansion from the
Harer-Zagier 1-point function — it is even possible to write a formula for arbitrary g. Using
the main result of present paper — the exact 2-point Harer-Zagier function — we can do

a similar calculation at the 2-point level.

6.3 2-point function

The exact 2-point odd and even resolvents are given by

(z,9) /du/dv exp< ut + ot > ot (zu, yo) (6.19)

u? 4+ v
(x,y) /udu / vdv exp( > oy (zu, yv) (6.20)

where the 2-point odd and even Harer-Zagier functions are given by (4.17) and (4.18):
zy
() / dt T+2 42242\ .
x,y) = _
PN Y 2(z% + y2) 1+ 12 — 22 — 2
0

W 2 2 2\ N
n xydt 1+t“+a*+y
on(z,y) =
N\ (22 + 12)2 T4+12 — 22 — 2
0

AN (2 +32)(L+ 1) + (2 + 9 — (141 1)

(14+82+22+y2) (1 + 12— 22 —y?)
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The full resolvent is a sum of odd and even parts:

(+) (2, y) (6.21)

pn(z,y) = py (2,y) +p

Again, to extract the genus expansion we introduce another variables X = 2V N,Y =
yV' N. As a consequence of the scaling rule (6.5), in terms of X and Y the genus expansion
becomes simply the 1/N expansion. Taking the intermediate ¢-integral (we do not go into

details here) we obtain in the odd case

Crx oy xy(enetoy) LT X0y XY Xy
INAVNVUN) T 2y N7 3 3 3
and in the even case

X Y X2y? 2 9y2
+ : - 2X2 4 2Y?% — 1)e2X 2 1)
N (\/N \/N> (X2 +Y?2)? <( )

2X242Y?2 4 4 4 4 4
QT (—X6Y2 FoXMYt DXy 4 S xty? g —X2Y4> T

* 3 3 3 3 3

We stop at genus one and do not write the genus two and higher contributions, it is
absolutely straightforward to obtain them as higher 1/N corrections. To write a formula
for arbitrary g (like we did in the 1-point case) is a more involved, but still feasible exercise,
which remains to be done. For the Harer-Zagier functions in genus zero, we obtain

Xy? 2 2 2X242Y2
. Xy (2427 )

In genus one we have

3 3 3
X3y3 N X5y N XY?® L2X7 42y
3 3 3

4 4 4 4 4 2 2
@a) (X7Y) — <§X6Y2 + —X4Y4 + —X2Y6 + —X4Y2 + §X2Y4> €2X +2Y (624)

(6.25)

Py (X,Y) = (

Passing back to resolvents by taking Gaussian integrals (6.19) and (6.20), we obtain

in genus zero

X2y? 1—-2X2%2_-2y?2
T(X.Y) = -1 6.26
Py X Y) (X2 —-Y2)? <\/1—4X2\/1—4Y2 ) (6.26)
XY X2 4+Y2-_8X2%2y? ) )
(X)) = - X?2_v 2
p(0>( V) 2(X2 —Y2)2 <\/1—4X2\/1—4Y2 > (6:27)

and in genus one

8X2Y44+8X4Y24+8X2Y6 —104X4Y4+8X6Y2-32X4Y6-32X6Y44+640X6Y6

+ _
Py X Y)= (1 — 4X2)7/2(1 — 4Y2)7/2
(6.28)
N 5XY? +3X3Y3 +5X°Y — 52X3Y5 — 52X°Y3 4+ 208X°Y®
poy(XY) = (1— 4X2)7/2(1 — 4V 2)7/2 (6.29)
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Similarly, contribution of any higher genus can be found by expanding the exact func-
tions (4.17) and (4.18). This method should be also applicable to 3-point and higher
resolvents, but, unfortunately, 3-point and higher analogues of (4.17) and (4.18) are not
found yet.

7 Conclusion

Despite the apparent simplicity and transparency of the Gaussian Hermitian model, which
is beyond any doubt one of the most studied and best understood matrix models, its
correlators form a complicated combinatorial system. Given a family of correlators, we can
rarely explicitly describe its behaviour. Miriads of integer numbers, counting appropriate
fat graphs or discrete Riemann surfaces, appear in a seemingly random fashion. Integer
numbers form patterns, they grow and they change according to laws which, despite the
model is Gaussian, are far from being simple. In the case of one-point correlators

= 14N° + 7T0N3 + 21N

) =

<<tr ¢6>> — 5N* + 10N?
)
>> — 42NO 4 420N* + 483N2

these laws can be summarised in one compact formula, found by Harer and Zagier:

_ : 2k\N
2E =D coefficient of 2"\ in T=A (=N = (1022

The modest aim of our research was to find analogous formula for the two-
point correlators

<<u~ & tr ¢>> - N <<tr ¢ tr ¢3>> — 3N? <<u~ ¢ tr ¢5>> — 10N3 + 5N
<<tr otr ¢7) ) = 35N 4+ T0N?

< 3 12N3 4 3N <<tr &3 tr ¢5>> — 45N + 60N?
(e’
180N + 600N + 165N <<tr @otr ¢7>> —700NS + 4900N* + 4795N2

(i
(
<<tr Hotr ¢°
(i

¢ tr ¢” 2800N 7 + 34300N° + 81340N3 + 16695N

) =
)) =
tr ¢3 tr ¢7>> 168N° + 630N3 + 147N
)=
{ >>
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and it appears to be

<<tr P2t ¢2j+1>> B

(2i + 1)N(2j + D!

TyvA — 1 >
arctan
coefficient of x2k+1y2m+1)\N in A <\/)\ — 1A AFDE )
(A —1)3/2 VA= 1+ A+ 1) +42)

This is of course just the first step (or, better to say, the second step). Three-point

and higher correlators are still under-investigated. We are yet very far from complete

understanding of integer numbers related to fatgraphs: hopefully, many more compact and

beautiful formulas lie in wait.
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